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ABSTRACT 

In this paper, we prove that the exponential Diophantine equation ͹௫ െ ͷ௬ ൌ  ଶݖ

has one solution where ݔǡ  are non-negative integers. In the proof, we apply ݖ and ݕ

SFBTPOBCMZǰ$BUBMBOĴTǰDPOKFDUVSFǰBOEǰWBSJPVTǰUIFPSems concerning the congruence to 

obtain the solution. The result reveals that the unique solution is ሺݔǡ ǡݕ ሻݖ ൌ ሺͲǡ Ͳǡ Ͳሻ.  

Keywords:  Exponential Diophantine equation, IOUFHFSǰTPMVUJPO
ǰ$BUBMBOĴTǰDPOKFDUVSF 

1. Introduction 

Diophantine equations have been interesting to many mathematicians for a long 

time. Over the last decade, a number of the exponential Diophantine equations have 

CFFOǰTUVEJFEǰTJODFǰ$BUBMBOǰQSFTFOUFEǰ$BUBMBOĴTǰDPOKFDUVSF [3] and Mihailescu proved 

this conjecture [11]. In ���� , Acu studied the equation ʹ௫ ൅ ͷ௬ ൌ  ଶ [1]. He provedݖ

that ሺ͵ǡ Ͳǡ ͵ሻ and ሺʹǡ ͳǡ ͵ሻ  are the only two solutions ሺݔǡ ǡݕ ǡݔ ሻ whereݖ ݖ and ݕ  are 

non-negative integers. In ����, Suvarnamani et al. suggested that two equations which 

are Ͷ௫ ൅ ͹௬ ൌ ଶݖ  and Ͷ௫ ൅ ͳͳ௬ ൌ ଶݖ  have no integer solutions [21]. In � � � � , the 

Diophantine equation Ͷ௫ ൅ ௬݌ ൌ ǡݔ ଶ whereݖ  ݌ are non-negative integers and ݖ and ݕ

is any positive prime number was studied by Chotchaisthit� ǰThe study revealed that 

the equation does not have solutions [5]. Meanwhile, Sroysang [15 - 16] proved two 

Diophantine equations including ͵௫ ൅ ͷ௬ ൌ ଶ and ͵ͳ௫ݖ ൅ ͵ʹ௬ ൌ ଶǤǰݖ In the same year, 

Peker and Cenberci presented that the Diophantine equation ͺ௫ ൅ ͳͻ௬ ൌ  ଶ has noݖ

solution [12]. After that several Diophantine equations have been studied by different 

mathematical researchers [4, 7, 13, 14, 17, 18, 19, 20]� ǰ In � � � � , Jayakumar and 

Shankarakalidoss proved that the Diophantine equation Ͷ͹௫ ൅ ʹ௬ ൌ  ଶ has a uniqueݖ

non-negative solution ሺݔǡ ǡݕ ሻݖ ൌ ሺͲǡ ͵ǡ ͵ሻ [6] while Asthana and Singh showed that 

ሺͳǡ Ͳǡ ʹሻǡ ሺͳǡͳǡͶሻǡ ሺ͵ǡ ʹǡ ͳͶሻ  and ሺͷǡ ͳǡ ͳ͸ሻ  are solutions ሺݔǡ ǡݕ ሻݖ  to the Diophantine 

equation ͵௫ ൅ ͳ͵௬ ൌ  ଶ [2]. After that, Kumar et al. [8] studied two equations includingݖ

͸ͳ௫ ൅ ͸͹௬ ൌ ଶ and ͸͹௫ݖ ൅ ͹͵௬ ൌ  ଶ. They could show that the two equations haveݖ
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no solution. Recently, Laipaporn et al. proved the solution of ͵௫ ൅ ͷ௬݌ ൌ  ݌ ଶ whereݖ

is a prime number. They found that the equations has infinitely many solutions [9]. 

While Makate et al. proved that ͺ௫ ൅ ͸ͳ௬ ൌ ଶ and ͺ௫ݖ ൅ ͸͹௬ ൌ  ଶ have same uniqueݖ

solution ሺݔǡ ǡݕ ሻݖ ൌ ሺͳǡ Ͳǡ ͵ሻ [10]. 

In this paper, we present a different Diophantine equation ͹௫ െ ͷ௬ ൌ  ଶ and proveݖ

that the equation has only one trivial solution. 

2. Preliminaries 

Proposition � � � ǰ [11]ǰ 	CatalanĴs conjecture) ሺ͵ǡ ʹǡ ʹǡ ͵ሻ is a unique solution ሺܽǡ ܾǡ ǡݔ  ሻݕ

for the Diophantine equation ܽ௫ െ ܾ௬ ൌ ͳ where ܽǡ ܾǡ  are integers such that ݕ and ݔ

���ሼܽǡ ܾǡ ǡݔ ሽݕ ൐ ͳ. 

Lemma ���ǰThe Diophantine equation ͹௫ െ ଶݖ ൌ ͳ has no solution ሺݔǡ  and ݔ ሻ whereݖ

ǡݔare integers and ���ሼ ݖ ሽݖ ൐ ͳ. 

Proof.ǰ Suppose that ݔ and ݖ are integers where ���ሼݔǡ ሽݖ ൐ ͳ such that 27 1x z�  .  

By Proposition ���, it is sufficient to conclude that the equation has no solution. � 

3. Main Result  

Theorem ���ǰThe Diophantine equation ͹௫ െ ͷ௬ ൌ   ଶ has a unique solutionݖ

ሺݔǡ ǡݕ ሻݖ ൌ ሺͲǡͲǡͲሻ where ݔǡ  .are non-negative integers ݖ and ݕ

Proof. Let ݔ�ǡ   be non-negative integers such that ݖ and ݕ

     ͹௫ െ ͷ௬ ൌ  ଶǤǰ      ሺͳሻݖ

First, we consider two cases including ݔ ൌ Ͳ and ݔ ൒ ͳ. 

Case �ǰIf ݔ ൌ Ͳ, then from ሺͳሻǰwe have ݖଶ ൅ ͷ௬ ൌ ͳ. Obviously, the equation has only 

one solution when ݖ and ݕ ൌ Ͳ. 

Case �ǰIf ݔ ൒ ͳ, then we separate ݕ in two subcases including ݕ ൌ Ͳ and ݕ ൒ ͳ. 

Subcase �ǰIf ݕ ൌ Ͳ, then ͹௫ െ ଶݖ ൌ ͳ. By Lemma ���, it is sufficient to consider only 

ݔ ൌ ͳ or ݖ ൑ ͳ. Hence, we consider ݔ and ݖ which are as follow. For ݔ ൌ ͳ, we have 
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ଶݖ ൌ ͸. This is impossible. For ݖ ൌ Ͳ, it follows that ͹௫ ൌ ͳ. It has no solution. For 

ݖ ൌ ͳ, we have ͹௫ ൌ2. This is impossible. 

Subcase � ǰ If ݕ ൒ ͳ, then ݖ�ʹ is even which implies that ݖଶ ؠ Ͳ�ሺ����Ͷሻ. From ሺͳሻ,  

it follows that ݖଶ ؠ ሺെͳሻ௫ െ ͳ�ሺ����Ͷሻ. Then, we have ሺെͳሻ௫ െ ͳ ؠ Ͳ�ሺ����Ͷሻ. This 

implies that ݔ is positive even, so we let ݔ ൌ ʹ݉ where ݉ א ܼା. From ሺͳሻ, we have 

�ͷ௬ ൌ ͹ଶ௠ െ   ଶ. It is written asݖ

ͷ௬ ൌ ሺ͹௠ ൅ ሻሺ͹௠ݖ െ  ሻ.    ሺʹሻݖ

From ሺʹሻ, it yields ሺ͵ሻǰand ሺͶሻ� 

ͷఈ ൌ ͹௠ െ  ሺ͵ሻ      ݖ

and 

�ͷఉ ൌ ͹௠ ൅  ǡ     ሺͶሻݖ

where Ͳ ൑ ߙ ൏ ߚ ൑ ߙ and ݕ ൅ ߚ ൌ  From ሺ͵ሻǰand ሺͶሻ, we have .ݕ

ʹ ή ͹௠ ൌ �ͷఈ൫ͳ ൅ ͷఉିఈ൯.     ሺͷሻ 

We separate ߙ into ߙ ൌ Ͳ and ߙ ൒1. 

If ߙ ൌ Ͳ, then ሺͷሻǰbecomes ʹ ή ͹௠ ൌ ͳ ൅ ͷఉ. Thus, we have ʹ ؠ ͳ ൅ ሺെͳሻఉ�ሺ����͵ሻ. 

This implies that ߚ is even. Let ߚ ൌ ݐ where ݐʹ א ܼା, we have 

ʹ ή ͹௠ ൌ ͳ ൅ ʹͷ௧Ǥ      ሺ͸ሻ 

From ሺ͸ሻ, we have ʹ ή ሺെͳሻ௠ ؠ ͳ ൅ ͳ�ሺ�����ͺሻ. This implies that ݉ is even. Suppose 

݉ ൌ ʹ݈ where ݈ א ܼାǤ Then, we have 

ʹ ή Ͷͻ௟ ൌ ͳ ൅ ʹͷ௧Ǥ     ሺ͹ሻ 

From ሺ͹ሻ, we have ʹ ή ሺെͳሻ௟ ؠ ͳ�ሺ����ͷሻ which is impossible. 

If ߙ ൒ ͳ, ሺͷሻǰ implies that ͷ�ȁ�ʹ ή ͹௠ which contradicts the fact that ʹ, ͷ and ͹ are 

relatively primes. Hence, the theorem is proved.      � 
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